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Abstract

A general formulation of the theory of the secondary
radiation yield by X-ray diffraction in a crystal is given
which enables such processes as photoelectric effect,
fluorescence and thermal diffuse scattering (TDS) to be
described in a unified way. Expressions describing TDS
by crystals are obtained with an account of their elastic
properties. TDS specificity is analyzed in detail. It is
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shown that the TDS vyield curves are determined not
only by the scattering cross sections for the incident
and diffracted waves, but also by the phase relations
between the scattering amplitudes.

1. Introduction

In the last 10-15 years, the study of the angular
dependence of secondary radiation yields, ie. for
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photoelectrons, fluorescent radiation, the radiation due
to thermal diffuse scattering, etc., which arise during
the interaction of X-rays with the atoms of a crystal
under conditions of X-ray Bragg diffraction on the
atomic planes, has met with ever increasing interest.
The general theoretical analysis of the problem and a
review of experimental work is given by Afanas’ev &
Kohn (1978).

The angular dependence of secondary radiation yield
is, first of all, strongly affected by the structure of the
X-ray wave field in a crystal under dynamical
scattering conditions. Besides, as has been recently
shown, the yield curves of secondary photoelectrons
(Kruglov & Shchemelev, 1976; Afanas’ev et al., 1977)
as well as those of fluorescent radiation (Andersen,
Golovchenko & Mair, 1976) from foreign atoms
introduced at a small depth into the crystal are
extremely sensitive even to very small distortions of the
layer adjacent to the surface of a crystal. This allows
one to hope that the study of the secondary processes
will continue to attract the attention of physicists
engaged in the X-ray diffraction problem.

In the paper by Afanas’ev & Kohn (1978) the
general theoretical approach to analysis of secondary
processes accompanying X-ray diffraction, in both
ideal and distorted crystals, was developed and the
detailed analysis of the problem of photoelectron yield
was carried out. The results of the developed theory
can be directly used for the analysis of the fluorescent
radiation yield. However, as far as TDS is concerned,
more accurate analysis of the problem is required
within the framework of the scheme developed by
Afanas’ev & Kohn (1978). It is the treatment of this
problem that served as an impetus toward writing this
paper.

An attempt to develop a theory of the TDS yield was
made by Annaka (1968). However, this paper presents
an oversimplified treatment of the problem. Owing to
the coherent character of diffraction scattering, the
TDS cross section together with the terms propor-
tional to the intensities of incident and reflected waves
contains the interference term as well. The magnitude
of the latter depends on the phase relations between the
corresponding scattering amplitudes, and is not deter-
mined by the geometric mean as was adopted by
Annaka (1968).

In § 2 the general statement of the problem of
evaluating the secondary radiation yield is given which
enables the photoelectric effect and fluorescent
radiation to be analyzed as well as the TDS. Taking
further application of the theory to TDS into account,
we have confined ourselves to the case of an ideal
crystal. In § 3, corrections to the coefficients of
dynamical equations due to TDS processes are
evaluated. In § 4, some typical situations of the angular
dependence of the TDS yield are analyzed using
concrete examples.

THERMAL DIFFUSE SCATTERING

2. General theory of the yields of secondary processes
on X-ray diffraction in ideal crystals

Let the X-rays be incident on a crystal at an angle close
to the Bragg angle. Along with the incident wave, there
also arises the diffracted wave in a crystal. We shall
assume that the diffraction conditions hold true only
for one of the reciprocal-lattice vectors (the so-called
two-wave case of diffraction).

The wave field of X-ray radiation in a crystal can be
represented in the form

E(r) = E((2) exp (ikq. 1) + E,(2) exp (ik,,. r), (1)

where k, and k, are the wave vectors in the direction of
the incident and diffracted waves, respectively. From
the Maxwell equations one can readily obtain the
following set of dynamical equations for the ampli-
tudes E (z) and E,(z)

dEg‘ ik n mn n
z—l)(f,"o" E0+X()h Eh]
dz 70
dET ik ] ]
=l L+ (g —ad™ER ()
/,h

Here and later the indices that repeat themselves twice
signify summation, & = w/c, the superscripts m, n mean
the components of E, ,(z), z is the depth of the
reflecting layer within the crystal, y, , are the cosines of
the angles between the vectors k,, and the inner
normal to the entrance surface of the crystal. The
parameter «a defines the deviation from the Bragg
conditions and yj,y is the Fourier coefficient of the
polarizability tensor which usually is represented in the
form

Xuw = Xewn' T Winpe-

Here x,,, and y;,, are determined by the real and
imaginary parts of the X-ray scattering amplitudes,
respectively. The y,,, coefficients can be expressed as a
sum of terms to each of which a definite process of
X-ray absorption, i.e. photoelectric effect (Ph), thermal
diffuse scattering and Compton scattering (CS), makes
a contribution. In accordance with this,

Xinw = Xinw (PD) + Xipp (TDS) + x4 (CS). (3)

The form of (2) differs, to some extent, from the
standard form of dynamical theory equations. In fact,
when analyzing diffraction scattering one usually
assumes that

Xoo = Xhh- 4)

This approximation, which was used by Afanas’ev &
Kohn (1978) for analyzing the secondary processes, is,
as a rule, performed with good accuracy. In the general
case, however, (4) does not hold for thermal and
Compton scattering. It should be noted that the
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contribution of these processes to the coefficients y;,,. is
small and may be neglected when evaluating the wave
fields in a crystal or the reflection and transmission
coefficients. However, in the analysis of TDS and CS
these corrections play the leading part and, therefore,
the tensor form for the polarizability coefficients is
preserved in (2).

To get the intensity of the secondary radiation yield
let us consider a layer dz thick at depth z. The total
absorption of X-rays in this layer is, evidently,
determined by the difference between the incoming flux
and outgoing flux, i.e.

K(2)dz = yl IEo(2)12 — |Eg(z + d2)12] + 3,[1E,(2)12

— 1E,(z + d2)1?|
d1Ey(2)12 dIE,(2)!?
=—| Yo + h dz.
dz dz

Now using (2), we easily obtain
K(2) = kLG (2) s ER:) + EF(2) i E5()

+ 2 Rel ET*(z) ylin En(2)I}. ()

Making use of (3), we can separate out the contri-
bution from each of the processes to the absorption. To
do this one has, apparently, to replace x; in (5) by y;(4),
ie. by the quantity related to the process under
consideration.

If the probability of the secondary radiation yield is
defined by the function P,(z), then the intensity being
recorded will be defined by

L
K () =1dz P,(2) k,(z,0) (6a)

in the case where the secondary radiation emerges from
the entrance surface of a crystal; and

1
Ka)=1(dz P, (L — z) Kk (z,0)

0

(6b)

when the secondary radiation leaves the crystal
through the exit surface. Here L is the thickness of the
crystal and «,(z, o) is determined by

K,(z.0) = K{ET*(z, ) yin(A) E%(z, o)
+ EY*(z,0) i (A) Ef(z,0)

+ 2 Rel EI™* (z. a) ¥ (A) EX(z, )1} (7)

in accordance with (5). Here, in terms of the parameter
« we introduce explicitly the dependence upon the angle
of incidence of X-rays on a crystal that also figured in
(2) and (5).

The problem of angular dependence of the second-
ary radiation yield is fully solved by formula (7). The
specificity of some or other process is expressed
through coefficients y7.(4) and function P, (z). The
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amplitudes E , do not, naturally, depend on the type of
the recorded radiation and are defined only by the
character of diffraction scattering. The analytical
expressions for the field E, ,(z) can be found, for
example, in the book by Pinsker (1978). As for
photoelectric absorption, it should be noted that it
makes the main contribution to the coefficients y;,
whose structure is well known. These coefficients
determined the fluorescent radiation yield (cf.
Afanas’ev & Kohn, 1978). For the TDS process the
corresponding contributions to y,,, have not been
calculated: this will be done in the next section.

3. Structure of y3. (TDS)

The scheme for treatment of the angular dependence on
the TDS yield is reduced to the following (¢f. Annaka,
1968 and references therein). The incident direction of
the X-rays is chosen (Fig. 1) so that for one of the
reciprocal-lattice vectors (K,) the Bragg condition is
satisfied, while for the second one (K,.), although it is
not valid, the difference |k, + Kg,.| — kol = g, 1S
rather small, so that

qmin < KO' (8)

Under these conditions purely elastic diffraction
scattering does not, practically, occur; however, a
strong one-phonon inelastic scattering in the direction
of k,.. takes place. This process as well as any other
process of absorption or inelastic scattering con-
tributes to the coefficients of the dynamical theory.

The general scheme for the evaluation of corrections
xin. due to TDS was developed earlier by Afanas’ev &
Kagan (1968) in connection with the problem of tem-
perature dependence for the anomalous transmission
effect. In this paper, the TDS occurring mainly in the
vicinity of the directions of k, and k, was analyzed. An
account of the TDS process when there arises the third
direction for intensive thermal scattering, as in the case

Fig. 1. The wave vectors k,. k,. k,. and the reciprocal-lattice
vectors Koy Koo Koo
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under consideration, is taken within the framework of
the scheme developed by Afanas’ev & Kagan (1968),
although it requires very laborious intermediate calcul-
ations. Below, we give only the final result

" (TDS) — 6mr
Xinh- )

2
f’ F(k, — k,.) F(k,. — k;)

0

T m pn
x— g 20 mn_ ki k""),
MCi(h, ) g, k?
9
where
I (k= Kp)'(Ky — k)
Ci(h, h') k?
n
1 VG, @) V*(j, @) do
rovrlede o

i Zf C.o)  2r

In formula (9), F(k) is the structure factor, M and £,
are the mass and volume of the unit cell, respectively, T
is the temperature in energy units, r, is the classical
radius of the electron, g, has the value of the order of
the limiting momentum of phonons. In formula (10), j
labels three different acoustic modes, C(j, ¢) is the
sound velocity, the integration being extended over all
directions perpendicular to the vector k,.., ¥ and V¢
are the / and g components of the polarization vectors.
Expressions (9), (10) allow complete analysis
of the TDS specifically under diffraction con-
ditions. As is seen from (9), (10), condition (4) is,
apparently, violated here and the character of inter-
ference is determined by both the geometry of
scattering (i.e. by mutual orientation of ko, k, and k,..)
and the anisotropy of the elastic properties of the
crystal. The evaluation of the tensor 7%, (TDS) is, in
fact, reduced to calculation of the coefficients C;2(h,
h") for which the dependence of the sound velocities
and the polarization vectors in the direction of
propagation of the sound wave in a crystal is assumed
to be known. A more detailed analysis of this problem
will be given in the next section. Here we shall only
discuss the behaviour of the function P,y¢(z) which
determines the probability of the scattered X-rays
emerging from a crystal. The behaviour of this function
is given by a simple exponential law

(1

where u, is the linear absorption coefficient for X-rays
of a given wavelength, 3" = cos (k. n), n is the unit
vector normal to the entrance surface of a crystal. It
should be noted that the scattered X-ray quanta may
occur in the direction for which the Bragg condition is
satisfied. In this case the probability of such gquanta
emerging from a crystal is, naturally, determined by
another law and not by formula (11). However, the

Prps(2) =exp {— Mo z/y',
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fraction of such quanta for ordinary experimental
conditions is negligibly small. Formulae (6), (7), (9)
and (11) fully determine all the features of TDS. If one
neglects in formula (10) the dependence of sound
velocity on the direction in a crystal as well as the
difference between the velocities of longitudinal and
transverse waves [this is the approximation used in
Annaka’s (1968) paper|, then the following simple
expression for ¥4, can be obtained

k7 kp
Kn (TDS) = A| 6™ — yE 8un (12)
where
. =F(k,—k,.) F(k,. — k,,) ——
Ehn (kp ) F(ky h)MC§
(k;. - k;,")(khf - k,,”)
X o
6nri
A= 1n(ﬂ). (13)
Ok 9 nin

In the paper by Annaka (1968), the approximation was

made that
&or = 8ho = V 8oo Ehn-

As is seen from formula (13), however, relation (14)
is not valid. But in some particular cases considered in
the paper mentioned above, the vectors k, — k. and
k,. — k,.. are nearly parallel to each other; as a result,
relation (14) holds with good accuracy and the error in
the corresponding theoretical curves is not great. It is
clear that various situations may arise when relation
(14) is violated. Examples of this kind will be given in
the next section.

One can easily take into account the difference
between the velocities of the longitudinal (C.) and trans-
verse (C ) waves, if the sound velocities themselves do
not depend on the direction of propagation (the so-
called case of an isotropic crystal). Under these con-
ditions g,,. takes on the following form:

(14)

T ({1 1
G = F(ky, — k;) F(ky — k) o [(53 + —CT)

(ky — kp ) (kK — ko) ( 1 1 )
X 4 — - —
k? c* c?

— kp) kol (ky, — k) Ky
y [(ky — kp) Kyl (ky — k) Ky l}' (15)
i

The presence of anisotropy does not allow an
analytical expression for g,,., even for cubic crystals.
If the anisotropy parameter is small, then the approxi-
mate expressions for the g,, coefficients in a cubic
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crystal may be written as
T 1 1
S = Flly — k) Flly — ky) — {( Yo c_“)

N (kh - khu)(k;,f - k;,u)

kz
N C,+ Cyy Ik, — k) kh"”(kh' —ky.) k-
C,,Cy k*
Cn— 2C44 - Clz
.+. ———
Cll C44
(ky — kp YUy — ko)™ S
kd
(kp = kpo)* (ke — kp) Ko
+ k“
k, — k) (k, — k,.)? k.,
+(" ")(kj il ”” (16)

Here C,,, C,, and C,, are the elastic constants of a
cubic crystal.

The approximation formula (16) may be used to
compute the coefficients for such crystals as Si and Ge.

4. TDS under Bragg diffraction conditions

Let us consider the case where diffraction in the Bragg
geometry takes place, and the quanta scattered by the
lattice vibrations emerge from the exit surface of a
crystal. We shall consider the incident radiation on a
crystal as being polarized and the crystal sufficiently
thick that Ly, > 1. The field distribution in the crystal
is determined by the expressions

ike(a) z

Eo‘h(z,n)on_h(a)exp{ }, an

Yo
Ef)=E,, E,)=\/BRy()E,,

where £ is the incident wave amplitude,

(@) =4l + VBV 2: 0 £ V¥ = DI, (18)
Ry() = JZ TRV (19)
Xn
af — 1 b
L_B— i+ h) P 20)

C2VBVaw |7y

The sign in front of the root in (18), (19) is determined
by the condition Im &(a) > 0. If we substitute (17) and
(11) in formulae (6a) and (7), then we obtain

8oo + BPr() gy + 2 \/BKOh RelR ()]
u(@) + wo/y"”

Krps(a) =

(2D
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with an accuracy of the nonessential constant factor. In
this equation

2k
(@) =—1Im g(a), Pp(a)=IRy()I%
Yo
We recall that in the case of fluorescent radiation
emerging from the atoms of the host crystal we have a
formula analogous to (21) in which one should assume
that

8o0=8&m=1s  &on= En= Xit! Xios (22)

where x,,. ;o are the imaginary parts of the dynamical
equations coefficients. As a result, the following
expression can be obtained

1 + BPg(a) + 2/B &y RelR(a))
u(@) + uo/y" '

In accordance with formulae (18)—(20) there exists a
correlation between the quantities Re[R ()], y(a) and
Pg (), and each of them may be expressed in terms of
the other two. Eliminating Re[Ry(a)] from (23), we
easily obtain (c/. Batterman, 1964)

(23)

Kp (@) =

oyt

/10//'
(@) + wo/y"

The fluorescent curve asymmetry is mainly determined
by the second term in (24) because of the presence of
the factor

Kgl = 11— PR(“)] —[1- PR(”)] . (24)

ol V"'
ule) + o/ v )

[As a matter of fact, there is a weak asymmetry in
P, () as well, however, it does not practically affect the
behaviour of the g, ()]. In Fig. 2 the representative

* ax
Ky

ax
R
5]

PO Kk ()

0

—4 -2 0 +2

Fig. 2. Angular dependence of X-ray reflection coefficient Py())/
P (curve 1) and of fluorescent radiation yield g, (y)/kF
(curve 2) for an ideal Si crystal on (111} reflection of Cu Ka
radiation.

+4 y
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curve of the fluorescent radiation yield is shown. The
characteristic feature of such curves is that the intensity
of the radiation yield for the large-angle side is a little
higher than that for the small-angle side.

In fact, the character of asymmetry can be changed
by detecting the radiation coming from the impurity
atoms. but not from the host atoms (¢f. Batterman,
1969).

In the case of TDS there is a greater variety of
different behaviours of k,,c(1). This is because the
relationships between gy, g, and g, coefficients, as is
seen from formulae (13)-(16). may vary within very
wide limits. In cases where gy, ~ g,, ~ gox We have a
situation close to the fluorescent one, i.e. the right-hand
side intensity is higher than the left-hand side. One can
also readily realize the situation when

8oo > Emn* (25)
In this case

8oo
w(@) + o/ 7"

Comparing (26) with (24), one can easily see that the
asymmetry is inversely changed. Asymmetry of this

Krps{) = (26)

* Physically. condition (25) means that the scattering cross
section for the incident wave is much greater than that for the
diffracted wave.

nax
DS

K

Krps (1)

0-5

0

—4 -2 0 +2 +4 v

Fig. 3. Angular dependence of TDS yield &ppe(})/kT5% under
conditions g, > Loo-
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kind has been observed and explained by Annaka
(1968).

It should be emphasized that the inverse asymmetry
can be observed when gy, = g,, and the g, coefficient
has the negative sign. Such a situation is realized, for
example, in the case where K, and K,.. correspond to
planes (242) and (220), respectively. It is just this
possibility that has not been taken into account in the
above-mentioned paper, although it can be easily
realized.

An interesting situation arises in the case where the
condition opposite to (25) takes place. Here

&nn Prl@)
Cu(@) + /Y

Ktps
and, as is seen from Fig. 3, in the case under
consideration the curve has two pronounced peaks, the
right-hand peak being several times as high as the
left-hand peak.

In reality, various intermediate situations may arise
along with the limiting cases under discussion.
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